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Abstract
By using a free ultrafilter p on ω, we introduce an infinite game, called Gp(x,X)-game, played
around a point x in a spaceX. This game is the natural generalization of the G(x,X)-game introduced
by A. Bouziad. We establish some relationships between the Gp(x,X)-game and the Rudin–Keisler
pre-order on ω∗. We prove that if p,q ∈ ω∗, then βω \PRK(p) is a Gq-space if and only if q RK p;
and, for every p ∈ ω∗, there is a Gp-space that is not a Gq -space for every q ∈ T (p) \ R(p),
where R(p) = {fˆ (p): ∃A ∈ p(f |Ais strictly increasing)}. As a consequence, we characterize the
Q-points in ω∗ as follows: p ∈ ω∗ is a Q-point iff every Gp-space is a Gq -space for every q ∈ T (p),
where T (p)= {q ∈ ω∗: p RK q and q RK p}.
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1. Introduction
Our spaces are Tychonoff. If X is a space and x ∈ X, then N (x) stands for the set of
all neighborhoods of x . If f :X→ Y is a continuous function, then fˆ :βX→ βY denotes
the Stone– ˇCech extension of f . β(ω) is identified with the set of all ultrafilters on ω, and
its remainder ω∗ = β(ω) \ω is identified with the set of all free ultrafilters on ω. If A⊆ ω,
then Aˆ= {p ∈ β(ω): A ∈ p} = clβ(ω) A.
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It is not difficult to prove that a point x is an accumulation of a countable set {xn: n < ω}
of a space X iff the set {{n < ω: xn ∈ V }: V ∈ N (x)} is a filter base on ω. This leads
Bernstein [2] to study the following notion, in the context of non-standard analysis:
Definition 1.1. Let X be a space and p ∈ ω∗. A point x ∈ X is the p-limit point of a
sequence (xn)n<ω in X, we write x = p- limn→ω xn, if for every neighborhood U of x ,
{n < ω: xn ∈ V } ∈ p.
By using Bernstein’s p-limit points, we have that x is an accumulation point of a
countable set {xn: n < ω} iff there is p ∈ ω∗ such that x = p- limn→ω xn. We also note
that if xn→ x , then x = p- limn→ω xn for every p ∈ ω∗.
The following topological game was introduced by Bouziad in his paper [4]:
Let X be a space and fix x ∈ X. There are two players I and II. Player I plays first
and chooses U0 ∈ N (x). Player II then responds by choosing x0 ∈ U0. After choosing
U0, . . . ,Un ∈ N (x) and points xi ∈ Ui , for every i  n, the first player chooses Un+1 ∈
N (x) and then player II chooses a point xn+1 ∈ Un+1, for n < ω. The two players
repeat this procedure infinitely many times. Then, we say that player I wins the game
if {xn: n < ω} has an adherent point in X, otherwise we say that player II wins. This
game is denoted by G(x,X)-game. A similar older game was introduced by Gruenhage [7],
which is called W(x,X)-game, this game requires that xn→ x . Clearly the G(x,X)-game
generalizes the W(x,X)-game.
Definition 1.2 (Bouziad). We say that a space X is a G-space if the player I has a winning
strategy in the G(x,X)-game for every x ∈X.
Fix p ∈ ω∗ and x ∈X. Suppose that there are two players I and II who will take turns to
play. The first player I choose a sequence of neighborhoods (Un)n<ω of x and the player II
choose a sequence of points (xn)n<ω in X so that xn ∈Un for each n < ω, then it is natural
to say that the first player I wins the game if the sequence (xn)n<ω has a p-limit point in
X. Thus, for every p ∈ ω∗, we have defined a new game that generalizes the W(x,X)-
game and strengths the G(x,X)-game. This game will be denoted by Gp(x,X)-game, for
every p ∈ ω∗.
Definition 1.3. Let p ∈ ω∗. We say that a space X is a Gp-space if the player I has a
winning strategy in the Gp(x,X)-game for every x ∈X.
We have that every W -space is a Gp-space, for all p ∈ ω∗, and for each p ∈ ω∗, every
Gp-space is a G-space. But, all these concepts are different from each other. In fact, we
have that β(ω) is a Gp-space that is not a W -space, for every p ∈ ω∗, and the space
β(ω) \ PRK(p) is a G-space that is not a Gp-space, for each p ∈ ω∗ (see Theorem 2.1
below). In Example 2.10, we give a G-space of size c that is not a Gp-space for any p ∈ ω∗.
Let us be more precise about the meaning of a winning strategy for these games.
Definition 1.4. Let X be a space and x ∈ X. A strategy for player I in one of the games
given above is a set σ = {σn: n < ω} where σn is a function from Xn+1 to N (x),
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for each n < ω. A σ -sequence of the strategy σ is a sequence (xn)n<ω in X such that
xn+1 ∈ σn(〈x0, . . . , xn〉) for each n < ω. A strategy σ = {σn: n < ω} on the G(x,X)-game
(respectively, Gp(x,X)-game, for p ∈ ω∗) for player I is called a winning strategy if every
σ -sequence has an accumulation point in X (respectively, a p-limit point in X, for p ∈ ω∗).
The Gp-spaces are closely related to the combinatorial and topological properties of
some subspaces of β(ω). The main result of this paper is the characterization of the Q-
points of ω∗ by using the Gp-games (we remind the reader that p ∈ ω∗ is called a Q-point
if for every partition {In: n ∈ ω} of ω into finite sets there is an A ∈ p such that |A∩In| 1
for every n ∈ ω). We remark that F. Galvin and S. Shelah gave a characterization of the P -
points of ω∗ by using a game on ω (see [1, Theorem 4.4.4]).
2. Gp-spaces
In this section, we will need the following concepts, facts and notation:
For p,q ∈ ω∗ the Rudin–Keisler (pre-)order on ω∗ is defined by p RK q if there is
f :ω→ ω such that fˆ (q)= p. The Rudin–Frolík (pre-)order on ω∗ is defined by p RF q
if there is an embedding f :ω→ β(ω) such that fˆ (p) = q . Per(ω) will stand for the set
of all permutations on ω. For, p,q ∈ ω∗, we say that p ≈ q if p RK q and q RK p. It is
well-known that p ≈ q iff there is f ∈ Per(ω) such that fˆ (p)= q iff there are f :ω→ ω
and A ∈ p such that fˆ (p) = q and f |A is one-to-one (for proofs of these facts see [5]).
A theorem of Frolík states that if f :ω→ ω∗ is an embedding, then p <RF fˆ (p) for every
p ∈ ω∗; in particular, p ≈ fˆ (p) for every p ∈ ω∗ (see [5, Lemma 16.23]). ω↗ω will be the
set of all strictly increasing functions from ω to ω. For p ∈ ω∗, we put
T (p)= {fˆ (p): f ∈ Per(ω)},
R(p)= {fˆ (p): f ∈ ωω and ∃A ∈ p(f |A is strictly increasing)},
PRK(p)= {q ∈ ω∗: q RK p}.
It is evident that, for each p ∈ ω∗, R(p) ⊆ T (p) ⊆ PRK(p). Hrušák [8] proved that
p ∈ ω∗ is a Q-point iff T (p)=R(p).
Our first relationship between the RK-order and the Gp-spaces, for p ∈ ω∗, is the
following.
Theorem 2.1. Let p,q ∈ ω∗. Then, βω \ PRK(p) is a Gq -space if and only if q RK p.
Proof. Let X = βω \ PRK(p).
Necessity. Fix x ∈X\ω and suppose that σ is a winning strategy in the Gq(x,X)-game.
Since ω is dense in X, we can find a σ -sequence (kn)n<ω in ω such that kn = km whenever
n < m < ω. By assumption, r = q- limn→ω kn ∈ X. Since r RK p and r ≈ q , we must
have that q RK p.
Sufficiency. Suppose that q RK p and fix x ∈X. Since X is zero-dimensional, player
I may force player II to choose a discrete subset {xn: n < ω} of X. Let us consider two
cases:
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Case I. A= {n < ω: xn ∈ ω} ∈ q . We may find a one-to-one function f :ω→ ω so that
f (n)= xn for each n ∈A. Then, we have that fˆ (q)= q- limn→ω xn. Since f is one-to-one
fˆ (q)≈ q and so fˆ (q) ∈X = βω \ PRK(p).
Case II. A= {n < ω: xn ∈ ω∗} ∈ q . In this case, we may define an embedding f :ω→
ω∗ so that f (n)= xn, for every n ∈A. Then, fˆ (q)= q- limn→ω xn and q RF fˆ (q). Since
q RK p, fˆ (q) ∈X = βω \ PRK(p). ✷
Thus, we have proved that β(ω)\PRK(p) is not a Gq -space for every q RK p. We need
the following lemma due to Blass [3] (for a proof see [6]).
Lemma 2.2. Let p ∈ ω∗ and let f,g :ω→ ω be such that one of them is one-to-one. Then
fˆ (p)= gˆ(p) if and only if {n < ω: f (n)= g(n)} ∈ p.
Theorem 2.3. For every p ∈ ω∗, there is a Gp-space that is not a Gq -space, for every
q ∈ T (p) \R(p).
Proof. For f :ω → β(ω) we let Af = {n < ω: f (n) ∈ ω}. Our space will be defined
inductively:
We define X0 = ω, X1 = R(p). Let ν < ω1. If ν is a limit ordinal, then we define
Xν =⋃µ<ν Xµ. If ν = µ+ 1, then we define Xν = {fˆ (p): f :ω→Xµ is an embedding
and f |Af is strictly increasing}. Finally, we put Ω(p)=
⋃
ν<ω1
Xν . First, we shall prove
that Ω(p) is a Gp-space. Indeed, player I may force player II to choose a discrete subset
{xn: n < ω} of Ω(p) in such a way that the subsequence {xn: xn ∈ ω and n < ω} is strictly
increasing. By construction, the p-limit point of the sequence (xn)n<ω lies in Ω(p). This
shows that Ω(p) is a Gp-space. Fix q ∈ T (p) \ R(p). Now, we will define a winning
strategy for player II. Since ω is dense in Ω(p), player II may choose, in a match, a strictly
increasing sequence (xn)n<ω in ω. We define f :ω→ ω by f (n) = xn for every n < ω.
Let r = fˆ (q) = q- limn→ω xn. Let us assume that r ∈ Ω(p). Then, there is a one-to-one
function g :ω→ ω and A ∈ p such that g|A is strictly increasing and gˆ(p) = r = fˆ (q).
Since q ∈ T (p), there is e ∈ Per(ω) such that eˆ(p)= q . Then, fˆ (eˆ(p))= gˆ(p). According
to Lemma 2.2, B = {n ∈ A: f (e(n)) = g(n)} ∈ p. Let m,n ∈ B such that n < m.
Since g|A is strictly increasing, g(n) < g(m) and hence f (e(n)) < f (e(m)). Since f is
strictly increasing, e(n) < e(m). This proves that e|B is strictly increasing, but this is a
contradiction. Therefore, r /∈Ω(p) and so Ω(p) is not a Gq -space. ✷
Theorem 2.4. Let p ∈ ω∗. The following are equivalent.
(1) q ∈R(p).
(2) A space is a Gp-space if and only if it is a Gq -space.
Proof. (1) ⇒ (2). Since q ∈ R(p) ⇔ p ∈ R(q) it is enough to prove that every Gp-
space is a Gq -space. Indeed, by hypothesis, there are f ∈ Per(ω) and A ∈ p such that
f |A is strictly increasing and fˆ (p)= q . Enumerate A in its increasing order {an: n < ω}
and put f (an) = bn for every n < ω. Suppose that X is a Gp-space and fix x ∈ X. Let
σ = {σn: n < ω} be a winning strategy for player I in the Gp(x,X)-game. We shall define
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a winning strategy τ = {τn: n < ω} for player I in the Gq (x,X)-game. We will define
τi :X
i+1 →N (x) as follows:
τn
(〈y0, y1, . . . , yn〉)=
{
X if n = bj − 1 for every j < ω,
σaj−1(〈x0, x1, . . . , xaj−1〉) if n= bj − 1 for some j < ω,
where if n= bj − 1 and i  aj − 1, then
xi =
{
x if i /∈A,
ybk if i = ak and 0 k < j.
Put τ = {τi : i < ω}. Let (yn)n<ω be a τ -sequence in X. Then, we define for each n < ω,
xn =
{
x if n /∈A,
ybj if n= aj for some j < ω.
We claim that (xn)n<ω is a σ -sequence in X. In fact, if n + 1 /∈ A, then xn+1 = x ∈
σn(〈x0, x1, . . . , xn〉). If n+ 1= aj for some j < ω, then
xn+1 = xaj = ybj ∈ τbj−1
(〈y0, y1, . . . , ybj−1〉)= σaj−1(〈x0, x1, . . . , xaj−1〉)
= σn
(〈x0, x1, . . . , xn〉).
This shows that (xn)n<ω is a σ -sequence. By assumption, there is y ∈ X such that
y = p- limn→ω xn. We shall prove that y = q- limn→ω yn. Indeed, if V ∈ N (y), then
{n < ω: xn ∈ V } ∈ p and hence A ∩ {n < ω: xn ∈ V } = {an: xan ∈ V } ∈ p. Then,
f [{an: xan ∈ V }] = {bn: xan ∈ V } = {bn: ybn ∈ V } ∈ q . So, {n < ω: yn ∈ V } ∈ q .
Therefore, y = q- limn→ω yn.
(2) ⇒ (1). If q ∈ PRK(p), by Theorem 2.1, the space β(ω) \ PRK(p) is a Gq -space. So,
β(ω) \ PRK(p) is a Gp-space. Then, by Theorem 2.1, p ∈ PRK(p), but this is impossible.
Therefore, q RK p. By an analogous argument, we also may prove that p RK q . Thus,
q ≈ p. If q /∈ R(p), by Theorem 2.3, then there is a Gp-space that is not a Gq -space which
is a contradiction. Therefore, q ∈R(p). ✷
Now, we shall characterize the Q-points of ω∗ by using the Gp-games.
Corollary 2.5. For p ∈ ω∗, the following are equivalent.
(1) p is a Q-point.
(2) Every Gp-space is a Gq -space for every q ∈ T (p).
Proof. (1) ⇒ (2). By the result of Hrušák [8] quoted above, T (p) = R(p). Hence, by
Theorem 2.4, every Gp-space is a Gq -space for every q ∈ T (p).
(2)⇒ (1). By Theorem 2.4, T (p)=R(p) and so, by the characterization of Hrušák [8],
p must be a Q-point. ✷
Next, we give another properties of the space Ω(p), for p ∈ ω∗. For that me need a
lemma:
Lemma 2.6. Let p ∈ ω∗. If q ∈Ω(p), then R(q)⊆Ω(p).
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Proof. We know that Ω(p)=⋃ν<ω Xν . Fix q ∈Ω(p). If q ∈X1 = R(p), then R(q)=1
R(p) ⊆Ω(p). Suppose that for each s ∈ Xµ with µ < ν, R(s) ⊆Ω(p) and that q ∈ Xν
with ν = γ + 1. Let r ∈ R(q), so there exist h ∈ Per(ω) and A ∈ q such that hˆ(q)= r and
h|A strictly increasing. Now, because q ∈Xν , then there exists an embedding g :ω→Xγ
with g|Ag strictly increasing such that gˆ(p)= q . Then r = hˆ(q)= hˆ(gˆ(p)). It is clear that
hˆ ◦ g :ω→ β(ω) is an embedding. Notice that A
hˆ◦g = Ag, because of h is a permutation
of ω. If A
hˆ◦g /∈ p, then we modify hˆ ◦ g so that Ahˆ◦g = ∅. Let us assume that Ahˆ◦g ∈ p.
We know that B = {n < ω: g(n) ∈ Aˆ} ∈ p and hence B ∩ A
hˆ◦g ∈ p. If n,m ∈ B ∩Ahˆ◦g ,
then g(m),g(n) ∈ A and, in addition, if m< n, then h(g(m)) < h(g(n)). This shows that
hˆ ◦ g|B∩A
hˆ◦g is strictly increasing. Hence, hˆ ◦ g can be modified so that B ∩Ahˆ◦g =Ahˆ◦g .
To prove that r ∈ Ω(p), is enough to show that {n < ω: hˆ(f (n)) ∈ Ω(p)} ∈ p. Indeed,
we have that B ∈ p. Hence, if n ∈ B , then A ∈ g(n) and so hˆ(g(n)) ∈ R(g(n)). From the
induction hypothesis, we deduce that hˆ(g(n)) ∈ R(g(n))⊆Ω(p), for every n ∈ B . ✷
Theorem 2.7. Let p,q ∈ ω∗. Then, Ω(p) is a Gq -space if and only if q ∈Ω(p).
Proof. Necessity. Suppose that Ω(p) is a Gq -space. Then, we may find f ∈ ω↗ω such that
fˆ (q) ∈Ω(p). But, by the previous lemma, q = fˆ−1(fˆ (q)) ∈ R(fˆ (q))⊆Ω(p).
Sufficiency. Let q ∈Ω(p) and fix r ∈Ω(p) \ ω. In a match of the Gq(r,Ω(p))-game,
player I forces player II to choose a sequence f :ω→Ω(p) such that {f (n): n < ω} is
discrete and f |Af is strictly increasing. If q ∈ R(p) = X1, then the conclusion follows
from Theorem 2.4. Let us assume that Ω(p) is a Gs -space for all s ∈Xν for ν < µ < ω1,
and that q ∈Xµ. If µ is a limit ordinal, then q ∈Xν for some ν < µ and, by assumption
Ω(p) is a Gq -space. Assume that µ= ν+1 and q ∈Xµ \Xν . Then, there is an embedding
g :ω → Xν such that q = gˆ(p) and g|Ag is strictly increasing. Let us consider the
composition fˆ ◦ g :ω→ β(ω). It is clear that fˆ ◦ g is an embedding, and we also have
that if fˆ (g(n)) ∈ ω, then g(n) ∈ ω for n < ω. Hence, A
fˆ ◦g ⊆ Ag . Let m,n ∈Afˆ ◦g . Then,
g(m) < g(n) and so f (g(m))= fˆ (g(m)) < f (g(n))= fˆ (g(n)). Thus, fˆ ◦g|A
fˆ ◦g is strictly
increasing. So, fˆ (gˆ(p))= fˆ (q)= q- limn→ω f (n) ∈Ω(p). This shows that Ω(p) is a Gq -
space. ✷
Corollary 2.8. For p,q ∈ ω∗ the following are equivalent:
(1) q ∈Ω(p).
(2) Ω(q)⊂Ω(p).
(3) Ω(p) is a Gq -space.
The following theorem estimates the cardinality of the non-discrete G-subspaces of
β(ω): This result was communicated to the authors by M. Hrušák and its proof that we
present here is due to the authors.
Theorem 2.9. If ω⊆X ⊆ β(ω) is a non-discrete G-space, then c |X|.
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Proof. Let x ∈ X be a non-isolated point and let σ = {σn: n < ω} be a winning strategy
for the G(x,X)-game. Now, we choose a sequence (xn)n<ω in X so that {xn: n < ω} is a




(〈xi0, . . . , xik 〉): k  n and ∀l  k(xil ∈ {x0, . . . , xn})},
for every n < ω. Fix an AD-family {Aξ : ξ < c} of infinite subsets of ω of size c. For every
ξ < c, we take a strictly increasing function fξ :ω→ Aξ such that n < fξ (n), for every
n < ω, and define Dξ = {xfξ (n): n < ω}. We claim that (xfξ (n))n<ω is a σ -sequence, for
every ξ < c. Indeed, for every ξ < c and for every n < ω, by definition, we have that
xfξ (n+1) ∈ σn(xfξ (0), xfξ (1), . . . , xfξ (n)).
This shows our claim. So, the set Dξ has an accumulation point pξ in X, for each ξ < c.
If ξ < ζ < c, then Dξ ∩Dζ is finite. Hence, by applying Lemma 16.15 from [5], pξ = pζ
whenever ξ < ζ < c. Therefore, c |X|. ✷
If X is the topological disjoint union of all spaces β(ω)\PRK(p), for every p ∈ ω∗, then
X is a G-space that is not a Gp-space for any p ∈ ω∗. But, |X| = 2c. In the next example,
we shall give a G-space of size c that is not a Gp-space for any p ∈ ω∗.
Example 2.10. Suppose that X is a countably compact subspace of β(ω) such that
(1) ω⊆X;
(2) |X| = c;
(3) T (p)⊆X, for every p ∈X ∩ω∗; and
(4) X \ T (p) is countably compact, for every p ∈X ∩ ω∗.
Then, the topological sum Z =⊔p∈X∩ω∗(X \ T (p)) is a G-space of size c that is not a Gq
for any q ∈ ω∗.
Proof. Suppose that X is a Gq -space for some q ∈ ω∗. Hence, player I has a winning
strategy σ in the Gq (x,X)-game for a fix x ∈ X ∩ ω∗. Then, we can find a strictly
increasing σ -sequence (kn)n<ω of positive integers. By assumption, there is a p ∈X such
that p= q- limn→ω kn. Then, by the third clause, q ∈ T (p)⊆X. Hence, we deduce that Z
cannot be a Gq space for any q ∈ ω∗. From the condition of the forth clause it follows that
Z is locally countably compact; hence, it is a G-space. It remains to show that there is a
space satisfying all the conditions. Indeed, we proceed by induction:
Fix two RK-incomparable ultrafilters r, s ∈ ω∗ (see [5, Theorem 10.4]). Let X0 = ω and
X1 = X0 ∪ T (r) ∪ T (s). Assume that, for every ν < θ < ω1, we have defined a suitable
subspace Xν of β(ω) of size c. Then, put Y =⋃{T (p): p ∈⋃ν<θ Xν}. Enumerate all the
countable, infinite, discrete subsets of Y as {{xξn : n < ω}: ξ < c}. Then, we define Xθ =
Y ∪ {r- limn→ω xξn : ξ < c} ∪ {s- limn→ω xξn : ξ < c}. Finally, we define X =⋃θ<ω1 Xθ .
Clearly, X satisfies clauses 1, 2 and 3. Fix p ∈X ∩ ω∗ and a discrete subset {xn: n < ω}
of X \ T (p). Then, there is θ < c such that x = s- limn→ω xn and y = s- limn→ω xn are
in Xθ . But, by Theorem 16.16 from [5], either x ∈X \ T (p) or y ∈X \ T (p). Therefore,
X \ T (p) is countably compact. ✷
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